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Introduction T Yl Y
~) A Deterministic Graphical (DG) game is a two person zero sum game ) ) —-ﬁ*
played on a directed graph with n > 0 nodes. Nodes are of two kinds: -
terminal and continuing. Terminal nodes are those with no successors, and :\
™
have a payoff to player 1 associated with them. Continuing nodes have at :;'
‘
least one successor, and are labelled to indicate which player chooses the
s

successor. Play begins at some specified node, and continues until a

terminal node i{s reached. If no terminal node is ever reached, the payoff
77c avlthers
is by convention 0. ©Our~main intention 1p this paper is to describe an

PXa | AR

Cubt
algorithm for solving DG games in o(nf) stepsxff ——— ;
The reader may not welcome our introduction of a new term for what may l"::‘
seem like a familiar class of games. However, DG games are actually a :2§
slightly new topic. The deterministic Perfect Information games of von kl
Neumann and Morgenstern (1944) and also Kuhn (1953) are restricted to be %i
trees, which makes them a special case. It is true that DG games for which ‘
infinite play is impossible (tic-tac-toe is a good example) can always be ;;
.
put in the form of a tree by replicating nodes, but that operation can :&
greatly increase the number of nodes. Besides, there are interesting DG :
games for which infinite play is possible. Chess is one of these; the '
FIDE rules (Harkness, 1956) permit a draw to be demanded in certain cases ;
where no conclusion is in sight, but never force a draw merely on account of .
game length. The Perfect Information games of Berge (1957, 1962) are closer ;E
}\
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S: to DG games, but differ in that the payoff is influenced by all positions
)} (nodes) encountered in play, rather than only the terminal node. Several

% autnors have studied games similar to DG games where only two or three

3? payoffs are possible (Zermelo (1912), Holladay (1957), Smith (1966)). Smith

3 (1966) even comments that games with many possible payoffs are in principle
o solvable by any method that can solve games with only two. Nonetheless, the ‘
-

‘; DG class has heretofore been nameless. :
\3 DG games are interesting because they seem to be the largest class of

- "games of perfect information" that simultaneously permits parsimonious f
} representation and efficient computation. The possibility of infinite play :
s is explicit in DG games, even though the representation of a DG game is

) itself finitef This permits the parsimonious representation of games X
3 wherein a position can be repeated, without resort to devices such as move ;
;3 counters or additional rules that simply prohibit repetition. Introducing a l
>, large limit on the number of moves typically does not change the value of a R
E game, but does have the effect of greatly expanding the number of nodes in K
': its graphical representation. Pultr and Morris (1984) show that prohibiting

e repetitions complicates the computational problem in an essential way. The

3 most natural thing to do in the presence of potentially infinite play seems E
; to be to simply permit it, which is consistent with representation as a DG

A game. DG games are solvable in polynomial time in spite of the possibility .
‘ﬁ of infinite play, as will be shown below. i
f; The fact that the payoff for infinite play in a DG game is assumed to E
\; be 0 is not really restrictive, since the addition of any constant to all

3 the payoffs of a game is strategically neutral. The assignment of 0 payoff g
s& - v

to infinite play is simply an analytical convenience.
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We now offer the following formal

Definition: A DG game is a directed graph with finitely many
nodes partitioned into three sets: S5,(S,) is the set of nodes
where player 1 (player 2) chooses the successor, and T is the set
of terminal nodes on which some real payoff function F is
defined. The successor function is T, with I'x being empty if and
only if xeT.

Recursive Games and Solvability

DG games are special cases of Recursive Games. Everett (1957) has
therefore shown that all DG games have values, and, since the game element

corresponding to each node has a trivial minimax solution, that optimal

stationary strategies exist. Since the existence of stationary strategies

is guaranteed, we will omit the word "stationary" in what follows. A
strategy o, for player 1 is then simply a choice of a successor node in Ix
for each xeS,, to be used at every opportunity if x arises more than once.

Strategies for player 2 are defined similarly.

Definition: If H is some subset of the nodes of DG, we say that DG is

solvable over H if there is a pair of strategies (g,,0,) and a real function

W defined on the nodes of DG such that if the initial node is xeH,
a) all successors of x will remain in H and the payoff will be
at least Wx as long as player 1 employs g,, and
b) all successors of x will remain in H and the payoff will be
at most Wx as long as player 2 employs o,
DG will be said to be solvable if it is solvable over all nodes.
We wish to show that DG i{s solvable. Qur method will be to show that

DG is solvable over T, and that the set of nodes for which DG is solvable




can always be expanded if it is incomplete. We will frequently take

advantage of the fact that, if properties a) and b) above hold for an -
"initial"™ node xeH, they will also hold if node x is chosen any time before 2
the game terminates; this follows from the stationarity of the strategies )
vy

being considered. -
Preparatory Lemmas S
v

Lemma 1 ‘.:
Suppose that DG is solvable over H, that Tc H, and that there is some :

¢

node yeﬁ for which I'ye H. Then the game is solvable over HY {y}. =
\

.

Wy

Proof :'
*J

Let ¢,, 0,, and W solve DG over H, and suppose yeS,. We will modify

the strategies and extend W to include y, so that DG is solved over H {y}.

Lt Ay At

v e o o -

The extension is

Wy = max Wz () ~

Zely
. If z is any maximizing node in (1), let ¢,' be identical to o, except that -
player 1 maps y into z. Since ¢,' agrees with ¢, on H, ¢,' guarantees that -

all successors of nodes in H will remain in H, and therefore the same thing

e - v =
)
2NN

is true of nodes in Hyl(y}. Furthermore, ¢,' guarantees at least Wx for

h

xeH U {y}: any exception would contradict the fact that g, guarantees Wx for

xeH. This establishes property a) for ¢,' and Hu {y}. To establish é:
t
s
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d'
i
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property b) for o, and Hy{y}, we have only to note that I'yc H, which
guarantees that successors of y remain in Hy{y} (in H, in fact) regardless
of the strategy employed by player 1, and also note that Wy is defined to be
a maximum, which means that no payoff larger than Wy is possible from node y
as long as player 2 employs o,. This completes the proof of lemma 1 for the
case where yeS,. Since Tc H, the only other possibility is that yeS,, in

which case take

Wy = min Wz (2)

2eTy

and define o0,' to be ¢, except that player 2 maps y into z. The rest of the
proof is similar.
Lemma 1 assumed the existence of a node ysﬁ for which Tyc H. In the

next lemma, we assume that such a node does not exist.

Lemma 2
Suppose that DG is solvable over H, that Tc H, and that HM Ty is not
empty for any yeﬁ. Then there exists some yel-'l for which the game is

solvable over Hulyl}.

Proof: Let ¢,, 0,, W solve the game over H. Since by assumption each
player has the option of mapping nodes in H into ﬁ, there are strategies I,
for player 1 and I, for player 2 with the properties that I, (I,) agrees
with ¢, (0,) on H and that I, (L,) maps nodes in H into H . Furthermore,
nodes in Fl are not successors of nodes in H under either ¢, or ¢,, and

therefore I,, L,, W solves the game over H. Let
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; qQ - {(x,1) | xe}-lnsj, 1eHOTX)}; § = 1,2 (3)
. | .
p and let w, = max Wi, and w, = min Wi, (4) -
Q
: (xni)€Q1 (xai)EQz A
¥ ]
‘ '
& .
If Q, (Q,) is empty, let w, be any negative number (w, be any positive :
> Y
number). Intuitively, w, is the best payoff in H obtainable by player 1 i
from anywhere in ﬁ, and similarly for w, and player 2. We will prove the :
c lemma in three cases. Iy
_..' .
J '.
< Case 1 (w,20) %
s :
: Let (y,z) be any maximizing pair in the definition of w,, let Wy = w,, :”
:: and let ¢,' be ¢, except that ¢,' maps y into z. The proof that property a) R
A holds for ¢,' and Hu{y} is as in lemma 1. On the other hand player 2 can "
2 guarantee a payoff of at most Wy from y by employing I,, since under that .
:T strategy the payoff will not exceed w, if some successor node (necessarily a
- choice of player 1) is in H, or (since H contains no terminal nodes) 0 if
:; all successor nodes are in H. Since L, agrees with o, on H, property b)
~ holds for I, and Hu{y}. Therefore o,', L,, W solves G over Hu{yl.
N ;:
-. Case 2 (w,50) '
n Let (y,z) be any minimizing pair in the definition of w,, let Wy = w,, .
& R
f. and let o,' be g, except that ¢,' maps y into z. Then I,, o,"', W solves G o
L3 ‘o
- over H. ly}. The proof is similar to that of case 1. :
6 ;
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Case 3 (w,<0 and w,>0)

In this case we can take Wy = 0 for all y in H. £,, L,, W solves DG
over all nodes. Note that I, guarantees at least 0 from any node ysﬁ
because

a) 1If player 2 employs any strategy for which some successor of y

is in H, o0, and therefore I, guarantees a non-negative payoff.
b) If player 2 employs any strategy for which no successor of y is
in H, I, guarantees a payoff of 0.
Similarly, I, guarantees a payoff of at most O from any node in ﬁ, and this

completes the proof of Case 3 and Lemma 2.

DG Theorem

All DG games are solvable.

" Proof: Let H, = T, and Wx = Fx for xeT. Any DG game is evidently solvable
over H,. If H, does not include all nodes, either lemma 1 or lemma 2
applies, and hence the game is solvable over some set H, that strictly
includes H,. In a similar manner we can generate H,, H,, etc. Since there
are only finitely many nodes, we must eventually encounter some Hn that

includes all nodes, which means that the game is solvable.

An Example
Figure 1 shows the solution of a DG game with 18 nodes. Squares
represent moves for the maximizer, and circles for the minimizer. All arcs

are oriented toward the right except for the two that are curved, which are

oriented to the left. The terminal nod¢«s are marked with numbers that
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indicate the payoff. Thé five non-terminal nodes from which the vélue is
non-zero have letter labels to indicate the order of computation. Lemma 1
applies to nodes a,b,c, and e, and case 1 of lemma 2 applies to node d.
Case 3 of lemma 2 applies to the other four nodes, which are the last nodes

to enter H and the ones from which optimal play is non-terminating.

Computational Considerations

A bound on the computational effort required for a DG game with n nodes
can be obtained by first observing that the essential operation in applying
either lemma 1 or 2 is that of comparing two values, one of which has a node
index. Let h be the number of nodes in the solved set H. A straightforward
implementation of the DG Theorem would involve a loop in which h is
incremented by one in every cycle until either case 3 of lemma 2 arises or i
else h=n, whichever comes first. In the worst case, one would have to do a
comparison for every pair (x,y) where xeH and yeH, a total of h(n-h)

comparisons when the loop index is h. Summing on h, we obtain a bound of

n n
Y h(nah) comparisons, which is approximately J h(n-h)dh=n3/6. The amount

h=0 h=0

of effort involved is therefore no worse than cubic in the number of nodes. 2

The n?/6 bound would presumably not be sharp for a careful implementation of
the DG Theorem, since making h(n-h) comparisons may very well permit the
addition of multiple nodes to H {(all nodes x in H for which I'x H can be

added to H, for example), and other efficiencies are also possible.

Random Moves
There is no conceptual difficulty in introducing random moves into

graphical games. If finite, such games are still Recursive Games and
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therefore have solutions with stationary strategies. H&wever, the inciusion
of random moves seems to complicate the solution procedure in an essential
manner; there is apparently no feature to exploit that is not already
present in Recursive Games. This is the reason for excluding the
possibility of random moves in DG games. There are thus two classes of
graphical games for which a simple solution technique is available, DG games
being one and finite tree games (possibly with random moves) being the

other. Backgammon is an example of a game that lies in neither class,

In Practice

We have argued that DG games permit a parsimonious representation of
games such as Chess., It is clear that even a parsimonious representation
and a polynomial time algorithm will not help much in solving games as
complicated as the archtype, however. Without taking advantage of symmetry,
even the representation of tic-tac-toe as a DG game would be a formidable
task. The French Military Game (Gardner (1963), Lucas (1895)) comes to mind
as an example of a non-trival parlor game solvable as a practical matter if
a determined practioner were to make repeated application of lemmas 1 and 2.
The main difficulty with parlor games is the work involved in translating
the rules into graphical notation, rather than the ensuing computations.
For large DG games expressed directly as graphs, the existence of a

polynomial time solution algorithm would be more significant.

N e T e At .

RS

=)
I

P e ]
Y

1y | T S

v v_w
-~

e g T e Bl g W
T .
. . y

LR S Y

'."r.

“ ~ &

-

r
>
F.d
r
>
>~




.#

w

’;‘

]

%

References fk
—————t— ',
N

Berge, C., Topological Games with Perfect Information, Contributions to the
Theory of Games, vol 3, Princeton U. Press, Princeton, NJ, 1957, n?;’
pp 165-178. 0

B!

Berge, C., The Theory of Graphs, Methuen and Co. Ltd., London, 1962. <

Everett, H., Recursive Games, Contributions to the Theory of Games, vol 3, —
Princeton U. Press, Princeton, NJ, 1957, pp 47-78. W

i
, 4

Gardner, M., Mathematical Games, Scientific American, October 1963, Y
pp 124-126. :’.‘;

Harkness, K., The Official Blue Book and Encyclopedia of Chess, David McKay, g
New York, 1956. ey

9

Holladay, J. C., Cartesian Products of Termination Games, Contributions to g'

the Theory of Games, vol 3, Princeton U. Press, Princeton, NY, 1957, oy
pp 189-200." o

Kuhn, H. W., Extensive Games and the Problem of Information, gt
Contributions to the Theory of Games, vol 2, Princeton U. Press, K
Princeton, NJ, 1953, pp 193-216. <

N
-~ 7/ \'.

Lucas, M. E., Reéreations Matheﬁatiques. vol 3, Gauthier-Villars, ¢
Paris, 1895, pp 105-116.

Pultr, A., and F. L. Morris, Prohibiting Repetitions Makes Playing Q}
Games Substantially Harder, Int. Journal of Game Theory 13, 1984, Q
pp 27-40. "

‘\
e

Smith, C. A. B., Graphs and Composite Games, Journal of Comb. Theory 1, 1966 -
pp 51-81. e

von Neumann, J., and 0. Morgenstern, Theory gg Games and Economic ?2
Behaviour, Princeton U. Press, Princeton, NJ, 1944, -

.. ”;

Zermelo, E,, Uber Eine Anwendung Der Mengenlehre Auf Die Theorie ..
Des Schachspiels. International Congress of Mathematicians, 5th, :C
Cambridge University Press, 1912. K

I.\

.‘)

P

)

‘*

el

&

~..

R

\*:

Ny

1

DS

P:u.‘

o

O X N B G R O L T LG L N L T R G T U R R L VI POV I STt A TR Y ‘YooY




DISTRIBUTION LIST T8

Ot a0 o

Professor F. L. Morris 1 S ¢!
School of Computer and Information Sciences s
313 Link Hall

Syracuse University
Syracuse, NY 13210

Professor Martin Shubik 1
Cowles Foundation

Yale University

New Haven, CT 06520 o

Professor Guillermo Owen (Code 530n) 1 .
Mathematics Department

Naval Postgraduate School
Monterey, CA 93943-5000

Library (Code 0142) 2 3
4 Naval Postgraduate School iy
Monterey, CA 93943-5000 ey

Dr. Ales Pultr ]

Department of Mathematics :‘
. Charles University :
, Sokolovska 83, F

Prague 8

CZECHOSLOVAKIA

) Professor Matthew J. Sobel 1 ‘
College of Management
Georgia Instute of Technology
Atlanta, GA 30332 .

Professor Lyn Thomas ]
o University of Edinburgh A
) Department of Business Studies -
William Robertson Bldg. ;
50 George Square A
Edinburgh EH895Y N
UNITED KINGDOM

Professor Jerzy Filar 1 X
Mathematical Science Department :-
John Hopkins University -
Baltimore, MD 21218 )

12

R TS A et i O S o LR, S L U L ALY AN



R gl e v

R b TN

g
¢
.
.
jo

i
!

INAN LY LR R

-
AN

o

\J

Professor Alan Goldman
Mathematics Sciences Department
John Hopkins University
Baltimore, MD 21218

Professor William F. Lucas
1598 Beloit
Claremont, CA 91711

Professor David Blackwell
Statistical Laboratory

University of California - Berkeley
Berkeley, CA 94720

Professor A. J. Jones
Department of Mathematics
Royal Holloway College
University of London

- UNITED KINGDOM

Research Administration (Code 012)
Naval Postgraduate School
Monterey, CA 93943-5000

Profeasor Alan R. Washburn (Code 55Ws)
Department of Operations Research
Naval Postgraduate School

Monterey, CA 93943-5000

Center for Naval Analyses
2000 Beauregard Street
Alexandria, VA 22311

Operations Research Center, Room E40-164
Massachusetts Institute of Technology
Attn: R. C. Larson and J. F. Shapiro
Cambridge, MA 02139

Defense Technical Information Center

Cameron Station
Alexandria, VA 22314

13

* .. A9 1% ] ’
e C

RS Q"‘l".! '_-;';,3.’\ YIRS 'P'.\;.'-'.\','.‘ Y

10

........

T




T vt b Gl Pt B el WAl @2 Wal 2% Dot Fa e Jal Sa¥ Pat @08 Bt Gt Cat Ran et Cal Bl o\ ot et Wk gat Aot L i s ket e e A2 Nu o Se sl Vo Ao Ve Ve gttt 18 o' o8 9’4 ' Wy

t

-
By

o,

%
LS8y

.
!

‘:4.

-

P

.
- . -
-

WAL

RN N AT




§ XX

e,

o
N

Rk

,I
»

¢ 10K

i
& L

v
AAA!

Ol
a*e‘a’at

*y

»
a

L8 " WY e W
»

X

%
Pt
Y <o ;:“'» RO S A A A IOt I N
'y 1 a . "' .. I‘-'.t‘- 3 V
N LR N I N T N RO ST AT

-

N N ‘!‘ - .
ST A I




